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Abstract
We show that an almost Hermitian manifold (M,g) of real dimension 2m which is strongly asymptotically complex hyperbolic
and satisfies a certain scalar curvature bound must be isometric to the complex hyperbolic space CHm. Assuming Kähler instead
of almost Hermitian this gives the already known rigidity results proved for the odd complex dimensional case by M. Herzlich in
[M. Herzlich, Scalar curvature and rigidity of odd-dimensional complex hyperbolic spaces, Math. Ann. 312 (4) (1998) 641–657]
as well as for the even complex dimensional case by H. Boualem and M. Herzlich in [H. Boualem, M. Herzlich, Rigidity at infinity
for even-dimensional asymptotically complex hyperbolic spaces, Ann. Scuola Norm. Sup Pisa (Ser. V) 1 (2) (2002) 461–469].
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1. Introduction
Scalar curvature rigidity of hyperbolic spaces is a frequently studied problem (cf. [1,3,6,9,10]). Based on E. Wit-
ten’s idea in the proof of the positive energy conjecture (cf. [12]), M. Min-Oo showed in [10] that a strongly
asymptotically hyperbolic spin manifold of scalar curvature scal−n(n−1) must be isometric to the real hyperbolic
space RHn. M. Herzlich proved in [6] the corresponding result for the model space CH2n+1. In particular, a strongly
asymptotically complex hyperbolic Kähler spin manifold (M2m,g) of odd complex dimension m and with scalar cur-
vature scal  −4m(m + 1) is isometric to the complex hyperbolic space CHm. In [3] H. Boualem and M. Herzlich
gave a similar result for the even complex dimensional case, but because of a different representation theory, the spin
assumption has to be replaced by another topological condition.
In this paper the complex hyperbolic cases are generalized by assuming (M,g,J ) to be almost Hermitian instead
of Kähler. We show that a complete almost Hermitian spin manifold (M,g,J ) of odd complex dimension m which is
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scal−4m(m+ 1)+ c0|∇J |
must be Kähler and isometric to CHm (c0 is a certain constant depending on the complex dimension m). To obtain a
similar result in even complex dimensions, the almost Kähler form Ω = g(., J.) has to be the curvature of a suitable
complex line bundle, in particular Ω is closed. In order to deduce these two rigidity results we prove an even more
general theorem which holds in each complex dimension and which does not assume M to be spin or Ω to be the
curvature of a suitable complex line bundle. Since an almost Hermitian manifold (M,g,J ) is already spinc (cf. [8,
Appendix D]), there is no need for additional topological assumptions on M in this theorem.
Definition 1. (CHm,g0) denotes the complex hyperbolic space of complex dimension m and holomorphic sectional
curvature −4, i.e. CHm is of sectional curvature K ∈ [−4,−1]. Let BR(q)⊂M be the set of all p ∈M with geodesic
distance to q less than R. Suppose (M2m,g,J ) is an almost Hermitian manifold, i.e. g is a Riemannian metric and J
is a g-compatible almost complex structure. Then (M,g,J ) is said to be strongly asymptotically complex hyperbolic
if there is a compact manifold C ⊂M and a diffeomorphism f :E :=M −C → CHm −BR(0) in such a way that the
positive definite gauge transformation A ∈ Γ (End(TM|E)) given by
g(AX,AY)= (f ∗g0)(X,Y ), g(AX,Y )= g(X,AY)
satisfies:
(1) A is uniformly bounded.
(2) Suppose r is the f ∗g0-distance to a fixed point, ∇0 is the Levi-Civita connection for f ∗g0 and J0 is the complex
structure of CHm pulled back to E, then (for some  > 0)
|∇0A| + |A− Id | + |J0 − J | ∈O(e−2(m+1+)r ).
Throughout this paper Ω = g(., J.) always denotes the almost Kähler form of an almost Hermitian manifold.
Furthermore, suppose m is the complex dimension, then we set m˜ := 0 if m is odd and m˜ := 1 if m is even.
Theorem 1. Let (M,g,J ) be a complete almost Hermitian manifold of complex dimension m which is strongly
asymptotically complex hyperbolic. Suppose ω is a closed Λ1,1M-form such that [ ω2iπ ] is an integral class associated
to a spinc structure of M . If
(1)2m˜Ω +ω ∈O(e−2(m+1+)r )
and the scalar curvature satisfies
(2)scal−4m(m+ 1)+ c1|d∗Ω| + c2
[‖D′Ω‖ + ‖D′′Ω‖]+ 2‖2m˜Ω +ω‖,
then (M,g,J ) is Kähler and isometric to CHm.
In this case ‖η‖ is defined as the operator norm of γ (η) on /ScM for an exterior form η, i.e. ‖η‖ := |γ (η)|, in
particular ‖η‖ |η|
√(2m
k
)
for a k-form η. Moreover, c1 and c2 are constants depending on the complex dimension:
c1 := 2
√
m+ m˜
m− m˜ , c2 := 2
(
m+ 1 −
√
m2 − m˜ + 2m˜√
m2 − 1
)
,
in particular c1 = c2 = 2 if m is odd and c1, c2 ≈ 2 for large m. In complex dimension m = 2, the constant c2 in
inequality (2) can be improved by setting c2 := 2(3 −
√
3 ). The operator d∗ denotes the formal L2-adjoint of the
exterior derivative d and D′ +D′′ is the Dolbeault decomposition of the Dirac operator D = d + d∗ in Λ∗(TM)⊗C,
i.e. if e1, . . . , e2m is an orthonormal base, we define D′ = ∑ e1,0j · ∇ej and D′′ = ∑ e0,1j · ∇ej . Moreover, we can
estimate |d∗Ω|√2m|∇Ω| and
(3)‖D′Ω‖ + ‖D′′Ω‖ 2m√2(2m− 1)|∇Ω|.
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In particular, if m is odd, ω = 0 forces M to be spin and if m is even, Ω has to be closed, i.e. M is symplectic.
Combine these facts with the above estimates, we obtain the following simpler versions of Theorem 1, where c0 :=√
2mc1 + 2c2m√2(2m− 1).
Corollary 1. Let (M,g,J ) be a complete almost Hermitian spin manifold of complex dimension m = 2n − 1. If
(M,g,J ) is strongly asymptotically complex hyperbolic and satisfies the scalar curvature bound
scal−4m(m+ 1)+ c0|∇J |,
then (M,g,J ) is Kähler and isometric to CHm.
Corollary 2. Let (M,g,J ) be a complete almost Hermitian manifold of even complex dimension m = 2n which is
strongly asymptotically complex hyperbolic, and suppose one of the following conditions:
(i) Ω is exact and M is spin.
(ii) dΩ = 0 and −Ω
π
represents the real Chern class of a complex line bundle which defines a spinc structure on M .
If the scalar curvature satisfies
scal−4m(m+ 1)+ c0|∇J |,
then (M,g,J ) is Kähler and isometric to CHm.
The proof of the main theorem is as usual based on the non-compact Bochner technique which was introduced by
E. Witten in [12]. We have to show an integrated Bochner–Weitzenböck formula for the Kähler Killing connection
which allows the usage of this technique. This turns out to be much more difficult in the even than in the odd complex
dimensional case. Since there is no suitable Bochner–Weitzenböck formula for the ordinary Killing structure in case
m is even, both cases have to be treated differently.
2. Preliminaries
Let (M,g,J ) be an almost Hermitian manifold of complex dimension m, then M is a spinc manifold (cf. [8,
Appendix D]). Suppose /ScM is a complex spinor bundle of M with associated complex line bundle λ. We denote by
γ respectively · the Clifford multiplication on /ScM . If ∇c is a spinc connection on /ScM , /Dc denotes the corresponding
Dirac operator. The 2-form ω appearing in the Lichnerowicz formula (cf. [8, Theorem D12]):
(4)(/Dc)2 = ∇∗∇c + scal
4
+ i
2
γ (ω)
is the curvature form of a U1-connection on λ and will be called the curvature 2-form associated to ∇c. For the
moment ∇c is an arbitrary spinc connection, but in order to show the main theorem we will consider the canonical
spinc connection induced by the choice of the connection on the complex line bundle λ. The complex spinor bundle
/ScM decomposes orthogonal into
(5)/ScM = /Sc0 ⊕ · · · ⊕ /Scm
(cf. [7,8]) where each /Scj ∼= Λ0,j is an eigenspace of γ (Ω) to the eigenvalue i(m − 2j). Let πj be the orthogonal
projections /ScM → /Scj . The decomposition (5) is parallel (i.e. ∇πl = 0 for all l) if (g, J ) is Kähler. As usual we
introduce X1,0 := 12 (X − iJ (X)) and X0,1 := 12 (X + iJ (X)). We obtain γ (X1,0) :/Scj → /Scj+1 and γ (X0,1) :/Scj →
/Scj−1, where /S
c
j = {0} if j /∈ {0, . . . ,m}. Let (g, J ) be Kähler and consider the connection ∇̂0 := ∇c + A with
AX := κ1γ (X1,0)πn−1 + κ2γ (X0,1)πn
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cannot be proved if we choose κ1 = κ2. Since A is parallel w.r.t. ∇c, we obtain
(6)R̂
0
X,Y =RcX,Y + κ1κ2
(
γ (X0,1)γ (Y 1,0)− γ (Y 0,1)γ (X1,0))πn−1
+ κ1κ2
(
γ (X1,0)γ (Y 0,1)− γ (Y 1,0)γ (X0,1))πn.
Suppose R :Λ2M →Λ2M is the Riemannian curvature operator, then the curvature of ∇c satisfies
(7)RcX,Y =
1
2
γ
(
R(X ∧ Y))+ i
2
ω(X,Y ).
Therefore,
X1,0 · Y 0,1 − Y 1,0 ·X0,1 = 1
2
γ
(
X ∧ Y + JX ∧ JY − 2iΩ(X,Y )),
(8)X0,1 · Y 1,0 − Y 0,1 ·X1,0 = 1
2
γ
(
X ∧ Y + JX ∧ JY + 2iΩ(X,Y ))
leads to the following proposition:
Proposition 1. Suppose (M,g,J ) is a simply connected Kähler manifold of constant holomorphic sectional curvature
τ and complex dimension m, then the connection ∇̂0 is flat and trivializes the subbundle V = /Scn−1 ⊕ /Scn ⊂ /ScM with
n= [m+12 ], if τ = 4κ1κ2 and
ω − τ
2
m˜Ω = 0
(m˜ = 0 if m is odd and m˜ = 1 if m is even).
Proof. Since M is simply connected, ∇̂0 trivializes V if and only if R̂ 0 = 0. (M,g,J ) is of constant holomorphic
curvature τ if and only if the Riemannian curvature operator satisfies
R(X ∧ Y)= −τ
4
(
X ∧ Y + JX ∧ JY + 2Ω(X,Y )Ω).
Thus, we conclude the claim from γ (Ω)= i∑j (m− 2j)πj . 
If m is odd, spinors parallel with respect to ∇̂0 are called Kähler Killing spinors (cf. [7]). We denote by ‖η‖ the
operator norm of γ (η) on /ScM where η is an exterior form. We obtain the following elementary estimates:
‖η‖ = |η|, η ∈Λ1; ‖Ω‖m; ‖X ∧ Y‖ = |X ∧ Y |.
Furthermore, let η be a k-form, then η =∑i1<···<ik ηi1...ik ei1 ∧ · · · ∧ eik and ‖ei1 ∧ · · · ∧ eik‖ = 1 lead to
‖η‖
∑
i1<···<ik
|ηi1...ik | |η|
√(
2m
k
)
(note that this estimate is very rough for most k-forms). Hence, we conclude inequality (3)
‖D′Ω‖ + ‖D′′Ω‖ 2
2m∑
j=1
∣∣γ (∇ejΩ)∣∣ 2√m(2m− 1) 2m∑
j=1
|∇ejΩ| 2m
√
2(2m− 1)|∇Ω|
and |d∗Ω|∑ |∇ejΩ|√2m|∇Ω|.
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In order to prove the main theorem in case of odd complex dimension m we consider κ1 = κ2 = i for the connection
introduced above. Suppose (M,g,J ) is almost Hermitian of odd complex dimension m = 2n − 1. We define V :=
/Scn−1 ⊕ /Scn, its projection prV := πn−1 + πn and
TX := i
(
γ (X1,0)πn−1 + γ (X0,1)πn
)
.
Since (γ (X1,0)πj )∗ = −γ (X0,1)πj+1, T is a selfadjoint endomorphism on V and /ScM . Define the connection ∇̂ :=
∇c + T on /ScM where ∇c is a spinc connection with associated curvature two form ω. The Dirac operator of ∇̂ is
given by
/̂D = /Dc − i(m+ 1)prV
where /Dc is the Dirac operator of ∇c. In this case we used
(9)
2m∑
k=1
ek · e1,0k = −m+ iγ (Ω) and
2m∑
k=1
ek · e0,1k = −m− iγ (Ω).
Since the Dirac operator /̂D is not going to provide the best estimates for inequality (2), we consider instead the elliptic
operator /˜D := /Dc − i(m+1). Note the difference in the notation. Moreover, if ϕ is a spinor with /̂Dϕ = 0 and /˜Dϕ = 0,
then ϕ is a section in V.
Proposition 2. Let (M,g,J ) be almost Hermitian of odd complex dimension m, then the integrated Bochner–
Weitzenböck formula∫
∂N
〈∇̂νϕ + ν · /˜Dϕ,ψ〉 =
∫
N
〈∇̂ϕ, ∇̂ψ〉 − 〈 /˜Dϕ, /˜Dψ〉 + 〈R̂ϕ,ψ〉
holds for any compact N ⊂M and ϕ,ψ ∈ Γ (/ScM). In this case ν is the outward normal vector field on ∂N and R̂ is
given by
scal
4
+ i
2
γ (ω)+m(m+ 1)+ (m+ 1)prV⊥ +δT
while ω is the curvature two form associated to ∇c, prV⊥ is the projection to the orthogonal complement of V in /ScM
and δT is the divergence of T, i.e. δT =∑(∇cej T)ej . Moreover, the boundary operator ∇̂ν + ν · /˜D is selfadjoint:
(10)
∫
∂N
〈∇̂νϕ + ν · /˜Dϕ,ψ〉 =
∫
∂N
〈ϕ, ∇̂νψ + ν · /˜Dψ〉.
Proof. First we note that the boundary operator is selfadjoint. (TX)∗ = TX yields the selfadjointness of TX − i(m+
1)γ (X) for all X. Furthermore, since ∇c is a Dirac connection, ∇cν + ν · /Dc is a selfadjoint boundary operator, hence
∇̂ν + ν · /˜D is a selfadjoint boundary operator. The formal L2-adjoint of /˜D is given by /˜D∗ = /Dc + i(m+ 1). Thus, we
can easily verify∫
N
〈 /˜Dϕ, /˜Dψ〉 = −
∫
∂N
〈ν · /˜Dϕ,ψ〉 +
∫
N
〈 /˜D∗/˜Dϕ,ψ〉
and /˜D
∗
/˜D = (/Dc)2 + (m+ 1)2. Moreover, using (TX)∗ = TX on /ScM leads to∫
N
〈∇̂ϕ, ∇̂ψ〉 =
∫
N
〈∇cϕ,∇cψ〉 + 〈∇cϕ,Tψ〉 + 〈Tϕ,∇cψ〉 + 〈Tϕ,Tψ〉
=
∫ 〈∇cνϕ + Tνϕ,ψ 〉+ ∫ 〈∇∗∇cϕ,ψ〉 + ∫ 〈Tϕ,Tψ〉 − 〈δTϕ,ψ〉
∂N N N
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(9) to compute
〈Tϕ,Tψ〉 =
∑
k
〈
ek · ϕn−1, e1,0k ·ψn−1
〉+∑
k
〈
ek · ϕn, e0,1k ·ψn
〉= (m+ 1)〈prV ϕ,ψ〉.
In particular, the Lichnerowicz formula (4) gives the claim with
R̂ = scal
4
+ i
2
γ (ω)+ (m+ 1)2 − (m+ 1)prV+ δT. 
Lemma 1. Suppose inequality (2) of Theorem 1 holds, then at each point of M , R̂ has no negative eigenvalues: R̂ 0.
Proof. We have to find an estimate for δT. Let e1, . . . , e2m be normal coordinates at TpM with em+j := Jej in p. We
obtain
δT =
2m∑
j=1
(∇cej T)ej = 12γ (δJ )(πn−1 − πn)+ i
2m∑
j=1
(
e
1,0
j · ∇ej πn−1 + e0,1j · ∇ej πn
)
,
since ∇c = ∇ on ClC(TM) = End(/ScM) = /ScM ⊗ /ScM . Hence, we have to estimate ∇Xπr for r = n − 1, n. We
conclude from πnγ (Ω)= −iπn
(∇Xπn)
(
i + γ (Ω))= −πnγ (∇XΩ)
as well as from γ (Ω)πn = −iπn(
i + γ (Ω))(∇Xπn)= −γ (∇XΩ)πn.
Using the facts πn(∇Xπn)πn = 0 and i+γ (Ω)=∑j =n cjπj with |cj | 2, |∇Xπn| can be estimated by 12 |γ (∇XΩ)|.
Moreover,
2m∑
j=1
e
0,1
j · (∇ej πn)
(
i + γ (Ω))= −πn−1 2m∑
j=1
γ (e
0,1
j · ∇ejΩ)
and
2m∑
j=1
γ
(
e
0,1
j · ∇ejΩ
)
πn = −
2m∑
j=1
γ
(
e
0,1
j
)(
i + γ (Ω))(∇ej πn)= 2m∑
j=1
(
i − γ (Ω))γ (e0,1j )(∇ej πn)
lead to (we use πn−1(e0,1j · ∇ej πn)πn = 0 and D′′Ω =
∑
e
0,1
j · ∇ejΩ)
2m∑
j=1
e
0,1
j · ∇ej πn =Aγ (D′′Ω)πn + πn−1γ (D′′Ω)B,
where A is the inverse of i − γ (Ω) on the orthogonal complement of /Scn−1 and B is the inverse of −i − γ (Ω) on
(/Scn)
⊥
, in particular
A := i
m∑
j=0
j =n−1
1
2(n− 1 − j)πj , B := i
m∑
j=0
j =n
1
2(n− j)πj .
Hence, we conclude from |A| 12 , |B| 12 as well as from πnB = Bπn = 0 and πn−1A=Aπn−1 = 0:∣∣∣∣∣
2m∑
j=1
e
0,1
j · ∇ej πn
∣∣∣∣∣ 12 ∣∣γ (D′′Ω)∣∣= 12‖D′′Ω‖.
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2m∑
j=1
e
1,0
j · ∇ej πn+1
∣∣∣∣∣ 12 ∣∣γ (D′Ω)∣∣= 12‖D′Ω‖.
Therefore, we obtain
|δT| 1
2
|d∗Ω| + 1
2
(‖D′Ω‖ + ‖D′′Ω‖)
which gives the claim R̂ 0. 
4. Bochner–Weitzenböck formula in even complex dimensions
In the case of even complex dimension m it is not possible to show a useful Bochner–Weitzenböck formula for the
ordinary Killing connection. The connection ∇̂ from Section 3 with corresponding Dirac operator
/̂D = /Dc − imπn − i(m+ 2)πn−1
does not yield a selfadjoint boundary operator in even complex dimensions (like in (10)), but the selfadjointness of
the boundary operator is one of the crucial facts using Witten’s method. In general, if the boundary operator is not
selfadjoint, the best elliptic estimates for the Dirac operator /̂D are not sufficient to estimate the second term on the
right-hand side of Eq. (15) (see below). In particular, we do not obtain (16) and hence, we can not conclude the main
theorem. It turns out that we get enough regularity for /̂D if and only if the problem can be transformed in such a way
that it corresponds to an integrated Bochner–Weitzenböck formula with a selfadjoint boundary operator. Thus, we are
looking for a connection ∇̂ and an operator /˜D such that ∇̂ν + ν · /˜D is a selfadjoint boundary operator and ∇̂|V is
equal to ∇̂0 (from Section 2) as well as /˜D|V is the Dirac operator of ∇̂|V. Since ∇c + ν · /Dc is a selfadjoint boundary
operator, this problem is purely algebraic. In particular, we only have to find T := ∇̂ −∇c and Z := /˜D− /Dc such that
TX + γ (X)Z is a selfadjoint endomorphism for all X.
Suppose (M,g,J ) is almost Hermitian of even complex dimension m= 2n, n 1. We define V := /Scn−1 ⊕ /Scn, its
projection prV := πn−1 + πn and
TX := i
(
α1X
1,0 · πn−1 + α2X0,1 · πn + β1X1,0 · πn−2 + β2X0,1 · πn+1
)
with (note that πn−2 = 0 if n < 2)
α1 =
√
m− 1
m+ 1 , β1 =m+ 1 − (m+ 2)α1,
α2 =
√
m+ 1
m− 1 , β2 =m+ 1 −mα2,
then T ◦ prV equals A if we set κj := iαj (see Section 2). Moreover, define
Z := −i(m+ 2)α1πn−1 − imα2πn − i(m+ 1)
∑
j =n−1,n
πj
= −i(m+ 1)+ iβ1πn−1 + iβ2πn.
Lemma 2. TX + γ (X)Z is a selfadjoint endomorphism on the complex spinor bundle /ScM (for every vector field X).
Moreover, we have (for any orthonormal base e1, . . . , e2m)
(11)
2m∑
j=1
(ej · Tej )= Z ◦ prV−iβ1(m+ 4)πn−2 − iβ2(m+ 2)πn+1.
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(TX)
∗ = i(α1X0,1πn + α2X1,0πn−1 + β1X0,1πn−1 + β2X1,0πn)
as well as(
γ (X)Z
)∗ = −i(m+ 1)γ (X)+ iβ1(X0,1πn +X1,0πn−2)+ iβ2(X0,1πn+1 +X1,0πn−1).
This leads to
TX +X ·Z− (TX +X ·Z)∗ = i(α1 − α2 + β1 − β2)
(
X1,0πn−1 −X0,1πn
)= 0.
The second claim follows from (9). 
Proposition 3. Let (M,g,J ) be almost Hermitian of even complex dimension m= 2n. Suppose ∇c is a spinc connec-
tion on /ScM and T as well as Z are given as above. Define the connection ∇̂ := ∇c+T and the operator /˜D := /Dc+Z.
Then the integrated Bochner–Weitzenböck formula∫
∂N
〈∇̂νϕ + ν · /˜Dϕ,ψ〉 =
∫
N
〈∇̂ϕ, ∇̂ψ〉 − 〈 /˜Dϕ, /˜Dψ〉 + 〈R̂ϕ,ψ〉
holds for any compact N ⊂M and ϕ,ψ ∈ Γ (/ScM). In this case ν is the outward normal vector field on ∂N and R̂ is
given by
scal
4
+ i
2
γ (ω)+ (m+ 2)(m− 1)πn−1 +m(m+ 1)πn + (m+ 1)2 prV⊥
− (m+ 4)β21πn−2 − (m+ 2)β22πn+1 + δT + /DZ
while ω is the curvature 2-form associated to ∇c (cf. (4)), prV⊥ is the projection to the orthogonal complement of V
in /ScM , δT is the divergence of T, i.e. δT =∑(∇cej T)ej and /DZ is given by ∑ ej · (∇cejZ). Moreover, the boundary
operator ∇̂ν + ν · /˜D is selfadjoint.
Proof. The selfadjointness of the boundary operator ∇̂ν + ν · /˜D follows immediately from the selfadjointness of
Tν +ν ·Z (previous lemma) and the fact that ∇c is a Dirac connection (∇cν +ν ·/Dc is a selfadjoint boundary operator).
The formal L2-adjoint of /˜D is given by /˜D∗ = /Dc − Z. Thus, we can easily verify∫
N
〈 /˜Dϕ, /˜Dψ〉 = −
∫
∂N
〈ν · /˜Dϕ,ψ〉 +
∫
N
〈 /˜D∗/˜Dϕ,ψ〉
as well as
/˜D
∗
/˜D = (/Dc)2 + (m+ 1)2 prV⊥ + α21(m+ 2)2πn−1 + α22m2πn + /DZ+
2m∑
i=1
(
γ (ei)Z− Zγ (ei)
)∇cei .
Moreover, a straightforward calculation shows∫
N
〈∇̂ϕ, ∇̂ψ〉 =
∫
N
〈∇cϕ,∇cψ〉 + 〈∇cϕ,Tψ〉 + 〈Tϕ,∇cψ〉 + 〈Tϕ,Tψ〉
=
∫
∂N
〈∇cνϕ + Tνϕ,ψ 〉+ ∫
N
〈∇∗∇cϕ,ψ〉 +
∫
N
〈Tϕ,Tψ〉 − 〈δTϕ,ψ〉 +
〈 2m∑
i=1
(
T∗ei − Tei
)∇cei ϕ,ψ
〉
for all ϕ,ψ ∈ Γ (/ScM). Therefore, the Lichnerowicz formula (4) and the fact (previous lemma, Z∗ = −Z)
T∗X − TX = γ (X)Z−Zγ (X)
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R̂ = 1
4
scal + i
2
γ (ω)+ (m+ 1)2 prV⊥ +(m+ 2)2α21πn−1 +m2α22πn + /DZ+ δT −
2m∑
j=1
T∗ej ◦ Tej .
Use πjγ (X)πj−1 = γ (X1,0)πj−1 and πjγ (X)πj+1 = γ (X0,1)πj+1 as well as (9) and X1,0 ·X1,0 = X0,1 ·X0,1 = 0
to compute
2m∑
j=1
T∗ej ◦ Tej = (m+ 2)α21πn−1 +mα22πn + (m+ 4)β21πn−2 + (m+ 2)β22πn+1.
Therefore, we obtain R̂ from
(m+ 2)2α21 − (m+ 2)α21 = (m+ 2)(m− 1),
m2α22 −mα22 =m(m+ 1). 
Remark 1. Since /˜D is not the Dirac operator of ∇̂ , we made a difference in the notation. However, if /̂D =∑ ej · ∇̂ej
denotes the Dirac operator of ∇̂ , Eq. (11) yields /˜D ◦ prV = /̂D ◦ prV. Moreover, if ϕ is a section in /ScM with ∇̂ϕ = 0
as well as /˜Dϕ = 0, then ϕ is a section in V = /Scn−1 ⊕ /Scn (use the fact /̂Dϕ = 0 and Eq. (11)).
Lemma 3. The endomorphism
−iγ (Ω)+ (m+ 2)(m− 1)πn−1 +m(m+ 1)πn + (m+ 1)2 prV⊥
− (m+ 4)β21πn−2 − (m+ 2)β22πn+1 −m(m+ 1) Id
is non-negative definite on /ScM .
Proof. Since iγ (Ω)= −∑j (m−2j)πj we conclude the claim on /Scj for j different from n−2 and n+1. It remains
to show that
f1(m) := 4 + (m+ 1)− (m+ 4)β21  0,
f2(m) := −2 + (m+ 1)− (m+ 2)β22  0.
Both functions are increasing (β21 < 1, β22 < 1) and since f1(2) > 0 and f2(2) > 0, we get the claim (we only need
m 2). 
Lemma 4. Suppose inequality (2) of the main theorem holds, then at each point of M , R̂ has no negative eigenvalues:
R̂ 0.
Proof. Using the last lemma, we obtain
R̂ scal
4
+m(m+ 1)−
∣∣∣∣γ (Ω)+ 12γ (ω)
∣∣∣∣− |δT + /DZ|.
Therefore, we have to find an estimate for δT + /DZ. A straightforward calculation shows
δT =
2m∑
j=1
(∇cej T)ej = 12γ (δJ )(α1πn−1 − α2πn + β1πn−2 − β2πn+1)+ i
2m∑
j=1
(
α1e
1,0
j ∇cej πn−1
+ α2e0,1j ∇cej πn + β1e1,0j ∇cej πn−2 + β2e0,1j ∇cej πn+1
)
as well as
/DZ = i
2m∑(
β1ej∇cej πn−1 + β2ej∇cej πn
)
.j=1
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|δT + /DZ| α2
2
|d∗Ω| + α
∣∣∣∑(e1,0j ∇ej πn−1 + e0,1j ∇ej πn)∣∣∣
+ |β1|
∣∣∣∑(e1,0j ∇ej πn−2 + e0,1j ∇ej πn−1)∣∣∣
(12)+ |β2|
∣∣∣∑(e1,0j ∇ej πn + e0,1j ∇ej πn+1)∣∣.
Thus, we have to estimate ∇Xπr . We conclude from πn−lγ (Ω)= 2liπn−l
(∇Xπn−l )
(
2li − γ (Ω))= πn−lγ (∇XΩ)
as well as from γ (Ω)πn−l = 2liπn−l(
2li − γ (Ω))(∇Xπn−l )= γ (∇XΩ)πn−l .
Using the facts πr(∇Xπr)πr = 0 for all r and
2li − γ (Ω)=
∑
j =n−l
cjπj
with |cj | 2, |∇Xπr | can be estimated by 12 |γ (∇XΩ)|. Moreover,
2m∑
j=1
e
1,0
j · (∇ej πn−l )
(
2li − γ (Ω))= πn−l+1 2m∑
j=1
γ
(
e
1,0
j · ∇ejΩ
)
and
2m∑
j=1
γ
(
e
1,0
j · ∇ejΩ
)
πn−l =
2m∑
j=1
γ
(
e
1,0
j
)(
2li − γ (Ω))(∇ej πn−l )= 2m∑
j=1
(
(2l − 2)i − γ (Ω))γ (e1,0j )(∇ej πn−l )
lead to∣∣∣∣∣
2m∑
j=1
e
1,0
j · ∇ej πn−l
∣∣∣∣∣ 12 ∣∣γ (D′Ω)∣∣= 12‖D′Ω‖,
in this case we used the same argument as in the proof of Lemma 1. The same procedure yields∣∣∣∣∣
2m∑
j=1
e
0,1
j (∇ej πr)
∣∣∣∣∣ 12‖D′′Ω‖
for all r . Thus, we obtain
|δT + /DZ| α2
2
|d∗Ω| + α + |β1| + |β2|
2
(‖D′Ω‖ + ‖D′′Ω‖),
and
|β1| + |β2| = β1 − β2 = 2√
m2 − 1 , α =m+ 1 −
√
m2 − 1
supplies the claim: R̂ 0. In complex dimension m= 2 there is a better estimate of δT+/DZ. Since the decomposition
/ScM = (/ScM)+ ⊕ (/ScM)− induced by the volume form is parallel and we have (/ScM)− = /Sc1 as well as (/ScM)+ =
/Sc0 ⊕ /Sc2, π1 = π− is parallel and we obtain the improvement if m= 2 from (12) and the above considerations:
|δT + /DZ| α2
2
|d∗Ω| + α
2
‖D′Ω‖ + |β1| + |β2|
2
‖D′′Ω‖. 
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Proposition 4. Suppose (M,g,J ) is a complete almost Hermitian manifold of complex dimension m, /ScM is a
complex spinor bundle of M , ∇c is a spinc connection and ω is the curvature two form associated to ∇c . If the scalar
curvature is uniformly bounded with (m˜ = 0 if m is odd and m˜ = 1 if m is even)
(13)scal
4
−m(m+ 1)+
∣∣∣∣m˜γ (Ω)+ 12γ (ω)
∣∣∣∣,
then the Dirac operator
/˜D :W 1,2(M,/ScM)→L2(M,/ScM)
is an isomorphism of Hilbert spaces.
Proof. First we show that
/D± := /Dc ± i(m+ 1) :W 1,2(M,/ScM)→ L2(M,/ScM)
are isomorphism of Hilbert spaces if the scalar curvature inequality (13) is satisfied. Since /D− = /˜D if m is odd, this
yields the proof in odd complex dimensions. /D± is bounded on W 1,2, i.e. the symmetric bilinear form
B±(ϕ,ψ) :=
∫
M
〈/D±ϕ,/D±ψ〉
is well defined and bounded on W 1,2. Let φ be a section in /ScM with compact support in M , then using the Lich-
nerowicz formula (4) and inequality (13) lead to
B±(φ,φ)=
∫
M
|∇cφ|2 + (m+ 1)|φ|2 +
〈(
m(m+ 1)+ scal
4
+ i
2
ω·
)
φ,φ
〉

∫
M
|∇cφ|2 + (m+ 1)|φ|2 − m˜〈iΩ · φ,φ〉
∫
M
|∇cφ|2 + |φ|2
(use the fact |γ (Ω)|  m). Therefore, B± is coercive, in particular B± is a scalar product on W 1,2. This proves the
injectivity of /D±. The surjectivity of /D± follows from the Riesz representation theorem and [5, Theorem 2.8] (cf.
[1,6,10]). Thus, it remains to consider the case that m is even. The Dirac operator /˜D = /Dc + Z is bounded w.r.t. the
W 1,2-norm, i.e. /˜D is well defined and the bilinear form
B(ϕ,ψ) :=
∫
M
〈 /˜Dϕ,/D−ψ〉
is well defined and bounded on W 1,2(M,/ScM). Using the definition of /˜D and the above estimate lead to
B(φ,φ)=
∫
M
|/D−φ|2 + i
〈
β1πn−1(φ)+ β2πn(φ),/D−φ
〉

∫
M
(
1 − |β1| + |β2|
2
)
|/D−φ|2 − |β1|2 |πn−1φ|
2 − |β2|
2
|πnφ|2

∫
M
(
1 − |β1| + |β2|
2
)(|∇cφ|2 + |φ|2)− |β1|
2
|πn−1φ|2 − |β2|2 |πnφ|
2.
If m 2 one can verify that |β1|, |β2|< 1 as well as |β1| + 12 |β2|< 1 and |β2| + 12 |β1|< 1 (use the fact that |β1| and
|β1| are decreasing and the inequalities hold in case m= 2). Thus, we conclude that B is coercive on W 1,2(M,/ScM).
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l(φ) :=
∫
M
〈ψ,/D−φ〉
is a bounded linear functional on W 1,2(M,/ScM). The Lax–Milgram theorem (cf. [4, Chapter 5.8]) yields a spinor
ξ ∈W 1,2(M,/ScM) with
B(ξ,φ)= l(φ)
for all φ ∈ W 1,2. Set ζ := /˜Dξ − ψ ∈ L2, then ζ is a weak solution of /D+ζ = 0, in this case we used (/D−)∗ = /D+.
Elliptic theory supplies that ζ is smooth and since /Dcζ = −i(m+ 1)ζ ∈L2, Theorem 2.8 in [5] yields ζ ∈W 1,2. But
/D+ is injective on W 1,2, i.e. ζ = 0 shows /˜Dξ =ψ and thus, we conclude the surjectivity of /˜D. 
Lemma 5. 1Suppose θ is a closed two form on CHm with θ ∈O(e−δr ), δ > 3 (r is the complex hyperbolic distance to
a fixed point). Then there is a 1-form η ∈O(e−δr ) with dη = θ .
Proof. Suppose X is the unit radial vector field of some polar chart on CHm − Br0(0), r0 > 0. Let ϕt be the flow of
X and define η1 by
η1 := −
∞∫
0
Xϕ∗t θ dt,
then ϕ∗t ∈ O(e3t ) yields dη1 = θ as well as η1 ∈ O(e−δr ) on CHm − Br0(0). Suppose f is a cut off function for
Br0(0), i.e. f is smooth, f = 0 on Br0(0) and f = 1 on CHm − Br1(0) for some r1 > r0, then θ − d(f η1) is a
closed and compact supported two form on CHm. Thus, CHm ≈ R2m yields a compact supported 1-form η2 with
dη2 = θ − d(f η1), and η := f η1 + η2 satisfies dη = θ as well as η ∈O(e−δr ). 
Lemma 6. Suppose (V , q) is a vector space of real dimension 2m with a quadratic form q and a q-compatible
complex structure J . Denote by S =⊕Sr the complex spinor space of V where Sr are induced by the action of the
Kähler form Ω . Then Clifford multiplication with two forms yields linear maps
γ|u(m) :u(m)∼=Λ1,1V ⊂ Clc(V , q)→ End(Sr)
with ker(γ|u(m))= {0} if r /∈ {0,m, m2 } and
ker(γ|u(m))=
{
R ·Ω r = m2 ,
Λ
1,1
0 V r = 0,m.
Proof. The case r = m2 was already considered in [6]. First we show that a representation
λ :h → End(W)
of a simple Lie algebra h is trivial or injective. Suppose x ∈ ker(λ), then 0 = [λ(x),λ(y)] = λ([x, y]) shows that
[x, y] ∈ ker(λ) for all y ∈ h. In particular, ker(λ) is ad :h → End(h) invariant. Since the adjoint representation of a
simple Lie algebra is irreducible (by definition), we conclude ker(λ)= {0} or ker(λ)= h.
Clifford multiplication with 2-forms is given by γ (v ∧w) := 12 (γ (v)γ (w)− γ (w)γ (v)) and
1
2
γ :Λ2V → End(S)
1 Private communication with M. Herzlich.
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the following irreducible representations
1
2
γ|su(m) :Λ1,10 V → End(Sr)
where Sr is an eigenspace of γ (Ω) to the eigenvalue i(m − 2r). Since su(m) is a simple Lie algebra, each of these
representations is either injective or trivial. It turns out that the only trivial ones are those where r = 0 and r =m. Let
e ∈ V with q(e)= 1, then Clifford multiplication on Sr with Je ∧ e − 1mΩ ∈Λ1,10 V is invertible if 0 < r <m:
γ
(
e ∧ Je − 1
m
Ω
)
γ
(
Je ∧ e − 1
m
Ω
)
= Id+ 1
m2
γ (Ω)2 = 4mr − 4r
2
m2
IdSr .
That γ|su(m) is trivial in case r = 0,m follows immediately from dimS0 = dimSm = 1. Since γ (Ω) = i(m − 2r) on
Sr we conclude ker(γ|u(m))= R ·Ω if r = m2 and ker(γ|u(m))= Λ1,10 V if r = 0 or r =m. Thus, the case r /∈ {0, r, m2 }
remains to be proved. Again we first consider the representation λ :h → End(W) of the simple Lie algebra h. Let K ·
Id ⊂ End(W) be the subspace spanned by the identity transformation on W (with K ∈ {R,C}), then K · Id∩ Im(λ) =
{0}. In order to see this, suppose λ(a) = k · Id for some k ∈ K and a ∈ h. Since Id commutes with all endomorphism,
we conclude 0 = λ([a, b]) for all b ∈ h. In case λ is injective, this leads to a contradiction, because [a, b] = 0 for some
b if h is simple. Now suppose η ∈Λ1,1V is in the kernel of γ|u(m), we obtain on /Sr
0 = 1
2
γ (η)= 1
2
γ (η0)+ i2m 〈η,Ω〉(m− 2r),
where η0 ∈ Λ1,10 V . Thus, since Λ1,10 V = su(m) is simple, we conclude the claim in case r = 0,m, m2 from the above
considerations (γ (η0) = k Id). 
Corollary 3. Assume V = /Scn−1 ⊕ /Scn with n= [m+12 ], then
γ :Λ1,1M → End(V)
is injective. Furthermore, C · Id is not in the image of this map:
C · Id ∩γ (Λ1,1M)= {0}.
Proof. Since
γ :Λ1,1M → End(/Scn−1)⊕ End(/Scn)⊂ End(V),
the kernel of this map is the intersection of the kernels of
γn−1 :Λ1,1M → End
(
/Scn−1
)
and γn :Λ1,1M → End
(
/Scn
)
.
However, the previous lemma shows that
ker(γn−1)=
{ {0}, m > 2,
Λ
1,1
0 M, m= 2
and ker(γn)=
{ {0}, m odd,
R ·Ω, m even
in particular, ker(γn−1) ∩ ker(γn) = {0} which proves the first claim. The second statement follows from the in-
jectivity of the representation 12γ :Λ1,1M → End(V). Suppose γ (η) = z · Id for some η ∈ Λ1,1M and z ∈ C, we
obtain 12γ ([η, θ]) = [ 12γ (η), 12γ (θ)] = 0 for all θ ∈ Λ1,1M . Hence, [η, θ] = 0 yields that η is a multiple of Ω , and
γ (Ω)= z1πn−1 + z2πn with z1 = z2 shows η = 0. 
6. Proof of the main theorem
Let (M,g,J ) be an almost Hermitian manifold which is strongly asymptotically complex hyperbolic, where E ⊂
M is supposed to be the complex hyperbolic end of M , i.e. E ≈ R2m − BR(0). Let ω be a closed Λ1,1M form such
that [ ω ] is an integral class associated to a spinc structure of M . We denote by /ScM the complex spinor bundle of2iπ
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ω as its associated curvature 2-form. The canonical spin connection ∇ (Levi-Civita connection for g) is well defined
and unique on /ScM|E since /ScM|E is isomorphic to the spinor bundle /SE (E is trivial, hence ∇ exists). Furthermore,
∇ differs from ∇c on E by an imaginary valued 1-form: iη(X) := ∇cX − ∇X which satisfies 2dη = ω. Let g0 be the
complex hyperbolic metric on E with Kähler structure Ω0 := g0(., J0.) ((g0, J0) is of constant holomorphic sectional
curvature −4). ∇0 denotes the Levi-Civita connection for g0 on TM|E as well as the canonical spin connection for
g0 on /ScM|E = /SE. We conclude from the asymptotic assumptions and condition (1): m˜Ω0 + 12ω ∈ O(e−δr ) with
δ = 2(m+1+). Therefore, Lemma 5 supplies a 1-form η0 on E (use again a cut off argument) with dη0 = m˜Ω0 + 12ω
and η0 ∈O(e−δr ). Thus, the connection
∇0,c := ∇0 + iη(.)− iη0(.)
is a spinc connection on /ScM|E (for g0) with associated curvature two form
2d(η − η0)= ω − 2 dη0 = −2m˜Ω0.
The key fact of this construction is that the connections ∇c and ∇0,c are asymptotic to each other on E where
∇c is the canonical spinc connection on /ScM for g and ∇0,c is a spinc connection on /ScM|E for g0 which has
−2m˜Ω0 as associated curvature 2-form (will be necessary to use Proposition 1). Define the Kähler Killing connection
∇̂0 := ∇0,c + A0 for g0 on /ScM|E (cf. Section 2) with κ1 = κ2 = i if m is odd and κj := iαj if m is even (j = 1,2,
cf. Section 4). We conclude from Proposition 1 that ∇̂0 is a flat connection on the subbundle V0 (induced by g0). We
consider the connection ∇̂ := ∇c + T on /ScM from Sections 3 and 4, and will prove that ∇̂ is a flat connection on
V. In order to do so we show that the restriction of ∇̂ to V is asymptotic to the flat connection ∇̂0, and then we use
Witten’s argument to conclude that ∇̂ trivializes V. The gauge transformation A extends to a bundle isomorphism
A :/ScM|E → /ScM|E with (cf. [1])
|∇ϕ − ∇cϕ| C|A−1||∇0A||ϕ| + |η0||ϕ|,
where ∇ is a connection on /ScM|E given by A∇0,cA−1 (cf. [1,10]). Let ψ0 be a spinor on E ⊂ M which is parallel
with respect to ∇̂0. Set ψ := h(Aψ0) for some cut off function h, i.e. h= 1 at infinity, h= 0 in M −E and supp(dh)
compact, then ψ is well defined and smooth on M . We compute
∇̂Xψ = (Xh)Aψ0 + h
(∇cXAψ0 + TX(Aψ0))
= (Xh)Aψ0 + h
(∇cX − ∇X)Aψ0 − hAA0Xψ0 + hTXAψ0
and thus, the asymptotic assumptions supply as usual
∇̂ψ ∈O(e(1−δ)r )⊂ L2(M,T ∗M ⊗ /ScM)
(14)〈∇̂Xψ +X · /˜Dψ,ψ〉 ∈O(e(2−δ)r )⊂ L1(M)
(|ψ0|20 can be estimated by ce2r , |X| = 1). Using Proposition 4 gives a spinor ξ ∈ W 1,2(M,/ScM) with /˜Dξ = /˜Dψ ∈
L2. In particular ϕ :=ψ − ξ is /˜D-harmonic and non-trivial (ψ /∈ L2). In the following we will show that ϕ is parallel
w.r.t. ∇̂ . Introduce as abbreviation LX := ∇̂X +X · /˜D, we have for any compact manifold Mr with boundary ∂Mr :
(15)
∫
∂Mr
〈Lνϕ,ϕ〉 =
∫
∂Mr
〈Lνψ,ψ〉 − 〈Lνξ,ψ〉 − 〈Lνψ, ξ〉 + 〈Lνξ, ξ 〉
where ν is the outward normal vector field on ∂Mr . The estimate for the first term in the summand on the right-hand
side follows from (14). Furthermore, we conclude from Lνψ,Lνξ ∈ L2(M) and ξ ∈L2(M):
〈Lνψ, ξ〉 ∈ L1(M) and 〈Lνξ, ξ 〉 ∈ L1(M).
In order to estimate 〈Lνξ,ψ〉 we use the selfadjointness of the boundary operator Lν as mentioned in Propositions 2
and 3. Note that in general if Lν is not a selfadjoint boundary operator, the best elliptic estimates for /˜D (on weighted
Sobolev or Hölder spaces) do not yield sufficient decay of ξ to get the necessary estimates for 〈Lνξ,ψ〉, since ψ is
of order O(e2r ). In fact the term 〈∇̂νξ,ψ〉 cannot be estimated in a sufficient way. However, by construction Lν is
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∂Mr
〈∇̂νϕ + ν · /˜Dϕ,ϕ〉 =
∫
∂Mr
f
for some L1(M) function f :M → R and all compact manifolds Mr with boundary ∂Mr (note that we can choose a
real valued function f since Lν is a selfadjoint boundary operator). Hence, if {Mr} is a non-degenerate exhaustion of
M (cf. [1]) (which exists by our asymptotic assumptions), we get
(16)lim inf
r→∞
∫
∂Mr
〈∇̂νϕ + ν · /˜Dϕ,ϕ〉 = 0.
Thus, since inequality (2) gives R̂ 0 (cf. Lemmas 1 and 4), we conclude from the integrated Bochner–Weitzenböck
formula∫
∂Mr
〈∇̂νϕ + ν · /˜Dϕ,ϕ〉
∫
Mr
|∇̂ϕ|2  0
that ϕ is parallel w.r.t. ∇̂ . Now /˜Dϕ vanishes by construction and since ∇̂ϕ = 0 yields /̂Dϕ = 0, ϕ has to be a section
in V = /Scn−1 ⊕ /Scn (cf. remarks in Sections 3 and 4). Because ∇̂0 is a flat connection in V0, V is trivialized by
spinors parallel w.r.t. ∇̂ . In particular, ∇cX preserves sections of V which implies that prV is parallel w.r.t. ∇c = ∇ .
The complex spinor bundle admits an orthogonal and parallel decomposition /ScM = (/ScM)+ ⊕ (/ScM)− induced
from the volume form. If π+ as well as π− denote the orthogonal projections of this decomposition, πn−1 is given
by prV ◦π+ if n is odd and given by prV ◦π− if n is even. Therefore, πn−1 as well as πn = prV−πn−1 have to be
parallel and the Killing structure A = T◦prV is also parallel w.r.t. ∇c. Moreover, the integrated Bochner–Weitzenböck
formula implies R̂(ϕ)= 0 for all ϕ ∈ Γ (V), in particular δT = /DZ = 0 supplies
0 = scal
4
ϕ + i
2
ω · ϕ + im˜Ω · ϕ +m(m+ 1)πn−1ϕ +m(m+ 1)πnϕ
for all ϕ ∈ V. Thus, ω ∈ Λ1,1M and Corollary 3 yield scal = −4m(m+ 1) and ω = −2m˜Ω (note that we have to use
both statements in Corollary 3). Moreover, since ∇̂ is flat on V and ∇cT = 0, we obtain form equations (6), (7) and
(8)
(17)
0 = R̂X,Y =RcX,Y + [TX,TY ]
= 1
2
γ
(
R(X ∧ Y)+ κ1κ2
(
X ∧ Y + JX ∧ JY + 2Ω(X,Y )Ω))
on V. From the fact (cf. [2])
γ
(
Ric(X)
)= 2∑
i
ei ·Rsei ,X =
∑
i
ei · γ
(
R(ei ∧X)
)
,
we conclude Ric(X)= −2(m+ 1)X, i.e. g is Einstein of scalar curvature −4m(m+ 1). Inequality (2) yields d∗Ω = 0
as well as D′Ω = 0 and D′′Ω = 0. In particular, D′ +D′′ = d + d∗ supplies dΩ = 0. Moreover, Eq. (17), κ1κ2 = −1
and Corollary 3 show
(18)prΛ1,1M ◦R(X ∧ Y)=X ∧ Y + JX ∧ JY + 2Ω(X,Y )Ω.
Using this equation, the symmetry of the Riemannian curvature tensor and Ω ∈ Γ (Λ1,1M) lead to〈
R(Ω),X ∧ Y 〉= 〈R(X ∧ Y),Ω 〉= 2(m+ 1)Ω(X,Y ).
Consider the Bochner–Weitzenböck formula on Λ2M :
 = d∗d + dd∗ = ∇∗∇ + R,
382 M. Listing / Differential Geometry and its Applications 24 (2006) 367–382then R is given by Ric+2R (cf. [11, Appendix B]), where Ric acts as derivation on Λ2M . We already know, that g is
Einstein, i.e. Ric = −4(m+1) IdΛ2M supplies R(Ω)= 0. Moreover, dΩ = 0 and d∗Ω = 0 imply that Ω is harmonic:
Ω = 0, i.e. we obtain ∇∗∇Ω = 0. Using the fact
0 = |Ω|2 = d∗d|Ω|2 = 2〈∇∗∇Ω,Ω〉 − 2〈∇Ω,∇Ω〉
we conclude that (g, J ) is Kähler. Thus, R :Λ2M → Λ1,1M together with (18) yield constant holomorphic sectional
curvature −4 of (M,g,J ). Since the end of M is diffeomorphic to R2m −BR(0), M must be diffeomorphic to R2m,
hence (M,g,J ) is isometric to CHm.
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